A new version of scale analysis and renormalization theory has been found on the non-commutative Moyal space. Hopefully it may connect nicely to Alain Connes's interpretation of the standard model in terms of non-commutative geometry. However it is also a nontrivial extension of this circle of ideas. It could be useful both for physics beyond the standard model or for standard physics in strong external field. The good news is that quantum field theory is better behaved on noncommutative than on ordinary space-time. Some models at least should be completely finite, even beyond perturbation theory. We discuss why the φ 4 4 theory can be built with some extensions of the traditional methods of constructive theory. In this way noncommutative field theory might become a possible alternative to supersymmetry or to string theory, whose key properties are also to tame ultraviolet divergencies. We suggest that by gluing together many Grosse-Wulkenhaar theories at high energy one can obtain an effective commutative field theory at lower energy.
Introduction
I was recently proposed at the occasion of a set of lectures at the Research Institute of Mathematical Sciences in Kyoto to answer the question which is the title of this paper. In fact I have neither a unique nor a precise answer to give, but rather many different partial answers. Renormalizable noncommutative quantum field theories, hereafter called RNCQFT seem to me important to study because they combine many nice features which hint to the potential solution of many different physical riddles: the Higgs mechanism, a cure for the Landau ghost, the strange spectrum of plateaux in the quantum Hall effect, possibly the emergence of effective strings in confinement, even perhaps a simplified road towards quantization of gravity. I realize this is a good occasion to try to clarify my own ideas and to put in shape some written defense of this subject, based on a condensed version of [1, 2] , together with some updating of what happened in the last few months. But I must warn the reader that since RNCQFT is only three years old and fast evolving, nothing is fixed yet. This short review might be soon outdated, some proposals might fade away, and some new discoveries may throw us into unexpected directions.
I'll try to answer briefly at a completely general level why the three separate elements, renormalizability, quantum field theory and non commutative geometry (in that perhaps slightly surprising order) appear to me as key components of theoretical physics. Then it should be clear why the formalism which combines these three elements together, namely RNCQFT, should also be studied.
I'll continue with a brief review of what has been accomplished so far in the subject and a possible preliminary classification of RNCQFT's. I'll develop a little longer the constructive aspects developed recently. Finally I'll end up with a list of possible applications and conclude with some speculations about how this formalism may connect to our ordinary world.
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2 Why R, NC, QFT?
Why renormalization?
The history of renormalization is quite an extraordinary one. In less than about half a century it metamorphosed from an obscure technique to remove infinities in quantum field theory into a truly ubiquitous concept, so central to physics that I do not hesitate to put it first in this list.
The most interesting physical phenomena, whether they pertain to quantum field theory, phase transitions, turbulence, condensed matter behavior and so on in general occur over many scales with at least approximate scaling laws. The exponents of these laws usually show some beautiful universal character. The main step to understand this universality was made by K. Wilson when he connected two previously different areas, renormalization in quantum field theory and the classical evolution of dynamical systems [3] . This uncovered the analogy between time evolution and the evolution of effective actions under change of the observation scale.
I consider not excessive to compare the importance of renormalization in physics to that of DNA for biology. Indeed renormalization theory gives us the key to understand self-replication over scales. An other comparison with biology may come from Darwinism. In physics fixed points of the renormalization group do appear because they are the only ones to survive renormalization group flows. In practice Gaussian fixed points, corresponding to perturbatively renormalizable theories can be fully analyzed, keeping their fundamental structure unchanged, but with a few rescaled parameters. One should not believe that such just renormalizable theories are rare: for instance the Fermi surface singularities make the usual Fermionic non relativistic theories of condensed matter just renormalizable in any space dimension [4, 5] .
Let us make an additional remark which points to another fundamental similarity between renormalization group flow and time evolution. Both seem naturally oriented flows. Microscopic laws are expected to determine macroscopic laws, not the converse. Time runs from past to future and en-tropy increases rather than decreases. This is philosophically at the heart of standard determinism. A key feature of Wilson's RG is to have defined in a mathematically precise way which short scale information should be forgotten through coarse graining: it is the part corresponding to the irrelevant operators in the action. But coarse graining is also fundamental for the second law in statistical mechanics, which is the only law in classical physics which is "oriented in time" and also the one which can be only understood in terms of change of scales.
Whether this arrow common to RG and to time evolution is of a cosmological origin remains to be better understood. We remark simply here that in the distant past the big bang has to be explored and understood on a logarithmic time scale. At the beginning of our universe important physics occurs at very short distance. As time passes and the universe evolves, physics at longer distances, lower temperatures and lower momenta becomes literally visible. Hence the history of the universe itself can be summarized as a giant unfolding of the renormalization group.
This unfolding can then be specialized into many different technical versions depending on the particular physical context, and the particular problem at hand.
However there is one domain, namely quantum gravity, which seems difficult to reconcile with renormalization. Ordinary quantum gravity is not renormalizable in the ordinary sense. We learn from string theory that one should expect surprises in the new notions of scale and renormalization group that govern physics at Planckian or transPlanckian energies. In particular the string dualities mix ordinary notions of short and long lengths: winding modes around short circles cannot be distinguished from translation modes around long circles and vice versa. This feature is also present in RNCQFT (but in a much more accessible mathematical setting) because instead of being based on the heat kernel, RNCQFT's are based on the Mehler kernel which exhibit duality between small and large lengths.
Why Quantum Field Theory?
Here probably nobody should argue, so this is the easy part. In the strictest sense quantum field theory or QFT provides a quantum description of particles and interactions which is compatible with special relativity. But the mathematical essence of quantum field theory is to treat by functional integration systems of infinitely many degrees of freedom. Therefore its for-malism applies beyond particle physics to many non relativistic problems in statistical mechanics and condensed matter. Even classical mechanics can benefit from a field theoretic reformulation. Hence QFT is a truly ubiquitous formalism. At the mathematical level it is much more advanced than for instance string theory or loop quantum gravity.
Over the years relativistic QFT has evolved into the standard model which explains in great detail most experiments in particle physics and is contradicted by none. But it suffers from at least two flaws. First it lives on a rigid and flat space time background and is not yet compatible with general relativity. Second, the standard model incorporates so many different Fermionic matter fields coupled by Bosonic gauge fields that it seems more some kind of new Mendeleyev table than a fundamental theory. For these two reasons QFT and the standard model are not supposed to remain valid without any changes until the Planck length where gravitation should be quantized. They could in fact become inaccurate much before that scale.
Why noncommutative geometry?
In general noncommutative geometry corresponds to an extension of the commutative algebra of functions on an ordinary manifold into a noncommutative algebra.
As soon as ordinary coordinates functions no longer commute a fundamental dimensioned area appears proportional to their commutator. But there exists certainly a fundamental length in our world, namely P = G/c 3 , obtained by combining the three fundamental constants of physics, Newton's gravitation constant G, Planck's constant and the speed of light c. Its value is about 1.6 10 −35 meters. Below this length gravity should be quantized, and the energy required for a particle to probe physics at such small distances seems to create a black hole horizon which prevents the very observation of this physics. Most experts agree that this means that ordinary commutative flat space-time should be modified. Noncommmutative geometry seems a very natural possibility in this respect. The fact that black hole entropy involves the area of an horizon seems also to point to the Planck area as being more fundamental than the Planck length, just as should be the case if there is a non-trivial commutator between coordinates.
Following initial ideas of Schrödinger and Heisenberg [6, 7] who tried to extend the noncommutativity of phase space to ordinary space, noncommutative quantum field theory was first formalized by Snyder [8] in the hope that it should behave better than ordinary field theory in the ultraviolet regime.
After initial work by Michel Dubois-Violette, Richard Kerner and John Madore [9] , Alain Connes, Ali Chamseddine and others have forcefully advocated that the classical Lagrangian of the current standard model arises much more naturally on simple non-commutative geometries than on ordinary commutative Minkowski space [10] , and leads naturally to the classical Einstein Hilbert action for gravity. The noncommutative reformulation initially threw light on the Higgs mechanism and later on more and more detailed aspects of the standard model. We have now a fairly compelling picture: the detailed Lagrangian of the standard model can be reproduced very simply from the principle of a spectral action corresponding to a Dirac operator on a manifold which is ordinary space-time R 4 twisted by a simple non commutative finite dimensional "internal" algebra [11, 12] .
The interest for non commutative geometry came out also from string theory. Open string field theory may be recast as a problem of noncommutative multiplication of string states [13] . String theorists realized in the late 90's that NCQFT is an effective theory of strings [14, 15] . Roughly this is because in addition to the symmetric tensor g µν the spectrum of the closed string also contains an antisymmetric tensor B µν . There is no reason for this antisymmetric tensor not to freeze at some lower scale into a classical field, just as g µν is supposed to freeze into the classical metric of Einstein's general relativity. But such a freeze of B µν precisely induces an effective non commutative geometry. In the simplest case of flat Riemannian metric and trivial constant antisymmetric tensor, the geometry is simply of the Moyal type; it reduces to a constant anticommutator between (Euclidean) spacetime coordinates. This made NCQFT popular among string theorists. A good review of these ideas can be found in [16] .
Let us remark also that NCQFT is also the right setting for down to earth applications such as quantum physics in strong external field (e.g. in condensed matter the Quantum Hall effect [17] - [18] - [19] ).
RNCQFT: the present state
NCQFT combines nicely the last two of the three elements above. The Connes-Chamseddine version of the standard model remains in the line of Einstein's classical unification of Maxwell's electrodynamics equations through the introduction of a new four dimensional space-time. Climbing in energy, the next logical step seems to find the quantum version of these ideas, which ought to be quantum field theory on non-commutative geometry, or NCQFT. We may indeed see noncommutativity, initially confined to some internal space, invade more fully spacetime itself as we approach the Planck scale. Going down in energy from the Planck scale (at which at least part of string theory may be correct), we may also meet NCQFT's as effective theories. Therefore it is tempting to think that there ought to be some intermediate regime between QFT and possibly string theory (or another theory of quantum gravity) where NCQFT is the right formalism. The ribbon graphs of NCQFT may be interpreted either as "thicker particle world-lines" or as "simplified open strings world-sheets" in which only the ends of strings appear but not yet their internal oscillations.
These two lines of arguments both point to develop NCQFT. However remember we really want in fact RNCQFT because we argued that renormalizable theories are the building blocks of physics, the ones who survive RG flows.
Until recently a big stumbling block remained on this road. The simplest NCQFT on Moyal space, such as φ The first renormalization proof [22] was based on the matrix representation of the Moyal product. It relies on adding to the usual propagator a marginal harmonic potential, as required by Langmann-Szabo duality [23] . We now call such an addition which allowed renormalization the vulcanization 1 of the model. Vulcanization means that NCQFT on Moyal spaces has to be based on the Mehler kernel, which governs propagation in a harmonic potential, rather than on the heat kernel, which governs ordinary propagation in commutative space. Grosse and Wulkenhaar were able to compute for the first time the Mehler kernel in the matrix base which transforms the Moyal product into a matrix product. They combined this computation with an extensive analysis of all possible contractions of ribbon graphs in the RG equations for the corresponding class of so-called quasi-matrix models.
In this way they proved perturbative renormalizability of the theory, up to some estimates which were finally proven in [24] . These founding papers opened up the subject of renormalizable non commutative field theories, hereafter called RNCQFT. By matching correctly propagator and interaction to respect symmetries, Grosse and Wulkenhaar had followed one of the main successful thread of quantum field theory.
The initial renormalization proof was improved by introducing multiscale analysis, first in the matrix base [24] , then in position space [25] . The β-function was computed at one loop in [26] , then shown to vanish (first up to three loop order and then to all orders) in [27, 28] at the self-duality point Ω = 1 (where Ω is the frequency of the harmonic term). The exciting conclusion is that the φ 4 4 -theory is asymptotically safe, hence free of any Landau ghost. Wave function renormalization exactly compensates the renormalization of the four-point function, so that the flow between the bare and the renormalized coupling is bounded.
Essentially most of the standard tools of field theory such as parametric [29, 30] and Mellin representations [31] , dimensional regularization and renormalization [32] and the Connes-Kreimer Hopf algebra formulation of renormalization [33] have now been generalized to RNCQFT. Other models have been also developed In [34, 35] renormalization to all orders of the duality-covariant orientable Gross-Neveu model was shown; the one-loop beta function of the model was computed in [36] . The Dirac operator in [34, 35] is not the square root of the harmonic oscillator Hamiltonian appearing in the φ 4 -model of [22] but is of the covariant type studied (for scalar fields) in [37, 38] , hence describes the influence of a constant magnetic background field. Its spectrum has infinite degeneracy. This fact can also be seen from a different structure of the propagator in position space [39] . It makes the renormalization of the Gross-Neveu model technically more difficult, but to understand such covariant models is important for the future application of RNCQFT to condensed matter problems such as the quantum Hall effect.
Concerning other just renormalizable scalar models, in [40, 41] the non-commutative φ 3 6 -model at the self-duality point was built and shown just renormalizable and exactly solvable. Self-duality relates this model to the Kontsevich-model. For φ 3 4 , see [42] . The φ 6 3 -model has been shown renormalizable with x-space techniques in [43] . That model however is not expected to have a non-perturbative definition because it should be unstable at large φ.
A remaining very important and difficult goal is to properly "vulcanize" gauge theories such as Yang-Mills in four dimensional Moyal space or ChernSimons on the two dimensional Moyal plane plus one additional ordinary commutative time direction. We do not need to look at complicated gauge groups since the U (1) pure gauge theory is non trivial and interacting on non commutative geometry even without matter fields. What is not obvious is to find a proper compromise between gauge and Langmann-Szabo symmetries which still has a well-defined perturbation theory around a computable vacuum after gauge invariance has been fixed through appropriate FaddeevPopov or BRS procedures. We should judge success in my opinion by one main criterion, namely renormalizability. Non commutative action for gauge fields which can be induced through integration of a scalar renormalizable matter field minimally coupled to the gauge field have been computed independently by de Goursac, Wallet and Wulkenhaar [44] , and by Grosse and Wohlgenannt. [45] . The result exhibits both gauge symmetry and LS covariance, hence vulcanization, but the vacuum looked non trivial so that to check whether the associated perturbative expansion is really renormalizable seems difficult. Recently a new progress was accomplished by Grosse and Wulkenhaar [46] . They showed firstly that this vulcanized gauge action is the gauge part of a more general action including Higgs fields that can be deduced from the Connes-Lott spectral action, and secondly they found the equation obeyed by a radial non-trivial vacuum. In this work, it appears much more clearly that the harmonic potential of the initial Grosse Wulkenhaar model is intimately related to the symmetry breaking of Higgs model which produces also this non-trivial gauge vacuum.
A short classification of RNCQFT
We can now propose a preliminary classification of these models into different categories, according to the behavior of their propagators:
• ordinary models at 0 < Ω < 1 such as Φ 4 4 (which has non-orientable graphs) or (φφ) 2 models (which has none). Their propagator, roughly (p 2 + Ω 2x2 + A) −1 is LS covariant and has good decay both in matrix space and direct space. They have non-logarithmic mass divergencies and definitely require "vulcanization" i.e. the Ω term.
• self-dual models at Ω = 1 in which the propagator is LS invariant.
Their propagator is even better. In the matrix base it is diagonal, e.g. of the form G m,n = (m + n + A) −1 , where A is a constant. The supermodels seem generically ultraviolet fixed points of the ordinary models, at which non-trivial Ward identities force the vanishing of the beta function. The flow of Ω to the Ω = 1 fixed point is very fast (exponentially fast in RG steps).
• covariant models such as orientable versions of LSZ or Gross-Neveu (and presumably orientable gauge theories of various kind: Yang-Mills, Chern-Simons...). They may have only logarithmic divergencies and apparently no perturbative UV/IR mixing. However the vulcanized version still appears the most generic framework for their treatment. The propagator is then roughly (
In matrix space this propagator shows definitely a weaker decay than for the ordinary models, because of the presence of a non-trivial saddle point. In direct space the propagator no longer decays with respect to the long variables, but only oscillates. Nevertheless the main lesson is that in matrix space the weaker decay can still be used; and in x space the oscillations can never be completely killed by the vertices oscillations. Hence these models retain therefore essentially the power counting of the ordinary models, up to some nasty details concerning the fourpoint subgraphs with two external faces. Ultimately, thanks to a little conspiration in which the four-point subgraphs with two external faces are renormalized by the mass renormalization, the covariant models remain renormalizable. This is the main message of [35] .
• self-dual covariant models which are of the previous type but at Ω = 1.
Their propagator in the matrix base is diagonal and depends only on one index m (e.g. always the left side of the ribbon). It is of the form G m,n = (m + A) −1 . In x space the propagator oscillates in a way that often exactly compensates the vertices oscillations. These models have definitely worse power counting than in the ordinary case, with e.g. quadratically divergent four point-graphs (if sharp cut-offs are used).
Nevertheless Ward identities can presumably still be used to show that they can still be renormalized. This probably requires a much larger conspiration to generalize the Ward identities of the supermodels.
Notice that the status of non-orientable covariant theories is not yet clarified.
Constructive NCQFT
Constructive field theory [47, 48] builds rigorously the correlation functions for particular field theories whose Taylor expansions in the coupling are those of ordinary perturbative field theory. Since any formal power series is asymptotic to infinitely many smooth functions, perturbative field theory alone does not provide any well defined recipe to compute to arbitrary accuracy a given physical quantity, so in a deep sense it is no theory at all. Therefore for uncompromising minds, the only meaningful quantum field models are those of constructive field theory.
In field theory infinite volume quantities are expressed by connected functions. One main advantage of perturbative field theory is that connected functions are simply the sum of the connected Feynman graphs. But the expansion diverges because there are too many such graphs.
In fact connectedness does not require the full knowledge of a Feynman graph, with all its loop structure, but only the knowledge of a spanning tree. To summarize constructive theory, it is about working with the trees and hiding the quantum loops. Hence the constructive golden rule:
"Thou shall not know the loops, or thou shall diverge!" Therefore tree formulas are among the main technical tools in constructive field theory. These formulas lie at the root of all the constructive expansions such as the cluster expansion of Glimm, Jaffe and Spencer [49] . They have been improved over the years by Brydges, Battle, Federbush, Kennedy and others. The final form presented below is due to [50] ; it is a canonical formula which distributes graphs according to underlying trees in a completely symmetric and positivity-preserving way.
Theorem 5.1. Let F be a smooth function of n(n − 1)/2 line variables x , = (i, j), 1 ≤ i < j ≤ n. We have
where F (1) means F (1, 1, ..., 1) and
• the sum over F is over all forests over n vertices,
• the interpolated value x F ({w}) is 0 if = (i, j), with i and j in different connected components with respect to F, and is the infimum of the w for running over the unique path from i to j in F.
• Furthermore the real symmetric matrix x The constructive program launched by A. Wightman and pursued by J. Glimm, A. Jaffe and followers in the 70's partial failed because no natural four dimensional field theory could be identified and fully built. This is because the only theories asymptotically free in the ultraviolet limit, namely nonAbelian gauge theories, are very complicated (gauge fixing is marred by the so-called Gribov problem). Moreover in these theories ultraviolet asymptotic freedom comes at the price of infrared slavery: non-perturbative long range effects such as quark confinement are not fully understood until now, even at a non-rigorous level. The constructive program went on, but mostly as a set of rigorous techniques applied to many different areas of mathematical physics [51, 52] .
For mathematical physicists who like me came from the constructive field theory program, the Landau ghost has always been a big frustration.Since non Abelian gauge theories are so complicated and lead to confinement in the infrared regime, there is no four dimensional rigorous field theory without unnatural cutoffs up to now 2 . It is therefore very exciting to build non perturbatively the φ 4 4 theory, even if it lives on the unexpected Moyal space and does not obey the usual axioms of ordinary QFT.
However in order to build φ 4 4 we need to extend first in a proper way constructive methods This because the standard constructive cluster and Mayer expansion of Glimm-Jaffe-Spencer [49] does not apply here because the interaction is non-local. This problem can be overcome by a new expansion called the loop-vertex tree expansion [58] . This expansion also solves an old problem of ordinary constructive field theory as well, namely how to compute the thermodynamic limit of a φ 4 theory with fixed cutoffs without using any intermediate non-canonical lattice discretization [59] . Hence it 2 We have only built renormalizable theories for two dimensional Fermions [53] - [54] and for the infrared side of φ provides a first example where the stimulation of NCQFT leads to a new tool for ordinary field theory.
As a first step we have proved Borel summability [57] in the coupling constant for the connected functions in a way which has to be uniform in the slice index. The full construction of φ 4 4 -theory now requires to extend these tools to a multiscale analysis. The full control of the bounded RG trajectory should then presumably follow as in [60] .
We now summarize the loop-vertex tree expansion of [58] for a matrix model which mimics a single slice of the φ Tr φ φφ φ interaction. The N → ∞ limit is given by planar graphs. It can be studied through various methods such as orthogonal polynomials, supersymmetric saddle point analysis and so on. However none of these methods seems exactly suited to constructive results such as uniform Borel summability in N (Theorem 5.3 below).
Consider the complex case (the real case being similar). The normalized interacting measure is
where
is the normalized Gaussian measure with covariance
For the moment assume the coupling λ to be real positive and small. We want to prove a uniform Borel summability theorem as N → ∞ of the pressure N −2 log Z(λ, N ), which is the suitably normalized sum of connected vacuum graphs. This should at first sight be easy because the limit as N → ∞ of this quantity is given by the sum of all connected planar vacuum graphs, hence is analytic in λ. But there is a subtlety: in the matrix base it seems that one needs to know all the loops to find the correct scaling (a factor N per vertex compensates the 1/N in the coupling). Indeed contrary to vector models, each propagator carries two delta functions for matrix indices, one for the right and one for the left. At each vertex four indices meet. A spanning tree provides only n − 1 lines, hence 2(n − 1) identifications. Therefore about 2n indices remain to be summed, hence two per vertex if we do not know the loop structure. Of course in a vector model only two indices meet at each vertex, and each propagator carries one delta function, so that knowing a tree there remains about one index to sum per vertex. This is why vector models can be treated through cluster expansions.
The solution to this riddle is to sort of exchange the role of vertices and propagators. We decompose the Φ functional integral according to an intermediate Hermitian field σ acting either on the right or on the left index. For instance the normalization Z(λ, N ) can be written as:
where dµ GU E is the standard Gaussian measure on an Hermitian field σ R , that is the measure with covariance < σ
transforms the vector e m ⊗ e n into λ N e m ⊗ k σ R kn e k . Remark that this is a Hermitian operator because σ R is Hermitian. The e − Tr log represents the Gaussian integration over Φ, hence a big N 2 by N 2 determinant.
By duality of the matrix vertex, there is an exactly similar formula but with a left Hermitian field σ L acting on the left index, and with [σ
. From now on we work only with the right field and drop the R superscript for simplicity.
We define the loop vertex V to be 6) and expand the exponential in (5.5) as n V n n!
. To compute the connected graphs we give a (fictitious) index v = 1, ..., n to all the σ fields of a given loop vertex V v . At any order n the functional integral over dν(σ) is obviously also equal to the same integral but with a Gaussian measure dν({σ v }) with degenerate covariance < σ v ij σ v kl >= δ il δ jk . Then we apply the tree formula and we get Theorem 5.2.
In this way we have an expansion whose tree lines are intermediate field propagators. No wonder they were not seen in the standard cluster expansion, because these lines come from the former vertices of the ordinary theory! See fro instance as an example of a particular tree on loop vertices:
In this way we can prove: Theorem 5.3. The series (5.7) is absolutely convergent for λ small enough and Borel summable uniformly in N .
Proof: Left indices provide a particular cyclic order at each loop vertex. The σ field acts only on right indices, hence left indices are conserved, and there is a single global N factor per loop vertex coming from the trace over the left index. But there is a single trace over right indices corresponding to turning around the tree with of a product of resolvents bounded by 1!
We have started already to work on the multiscale version of this result, which is a bit more complicated. The naive idea is that one should now optimize the expansion by building the tree in (5.7) in priority between "high momentum" loop vertices, for instance whose with highest values of the left index. But because in the matrix base for φ 4 the same σ field with low indices (for instance σ 00 ) in present both in "high momentum" and "low momentum" loop vertices, it seems at first sight that this "optimization of the tree over scales" cannot be done in a positivity preserving way. Fortunately it is not necessary to preserve the imaginary character of all the fields in loop vertices, when they are smeared against a positive Gaussian measure. The corresponding formulas will be definitely more complicated than in a single slice, but preliminary results [61] indicate that the whole construction can be made without any cluster or Mayer expansion at any stage.
Let us add some words about the way in which ordinary constructive field theory can be renewed by these ideas. Using the "loop vertex" tree expansion in the commutative context it is presumably possible to repeat classical constructions such as those of the infrared limit of ordinary critical φ 4 4 theory without using any discretization, lattice of cubes, cluster and Mayer expansions at any stage.
This was done for a single scale model in [59] , where we have shown that integration by parts combined wit the loop vertex expansion can prove the scaled decrease of the correlation functions, through a Fredholm type inequality.
It is an interesting non-trivial problem to generalize this intermediate field method to higher order interactions than φ 4 , for instance φ 2n . More intermediate fields are obviously required.
Let us remark that we also expect many applications of this new method to constructive gluing of different expansions in ordinary QFT.
RNCQFT: possible applications
We would like now to comment further on possible areas of physical applications of RNCQFT:
• Quantum Hall Effect NCQFT and in particular the non commutative Chern Simons theory has been recognized as effective theory of the quantum Hall effect already for some time [17] - [18] - [19] . But the discovery of the vulcanized RG holds promises for a better explanation of how these effective actions are generated from the microscopic level.
In this case there is an interesting reversal of the initial GW (GrosseWulkenhaar) problematic. In the φ 4 4 theory the vertex is given a priori by the Moyal structure, and it is LS invariant. The challenge was to find the right propagator which makes the theory renormalizable, and it turned out to have LS duality. Now to explain the (fractional) quantum Hall effect, which is a bulk effect whose understanding requires electron interactions, we can almost invert this logic. The propagator is known since it corresponds to non-relativistic electrons in two dimensions in a constant magnetic field. It has LS duality. But the effective theory should be anionic hence not local. Here again we can argue that among all possible nonlocal interactions, a few renormalization group steps should select the only ones which form a renormalizable theory with the corresponding propagator. In the commutative case (i.e. zero magnetic field) local interactions such as those of the Hubbard model are just renormalizable in any dimension because of the extended nature of the Fermi-surface singularity. Since the non-commutative electron propagator (i.e. in non zero magnetic field) looks very similar to the GW propagator (it is in fact a generalization of the Langmann-Szabo-Zarembo propagator) we can conjecture that the renormalizable interaction corresponding to this propagator should be given by a Moyal product. That's why we hope that non-commutative field theory and a suitable generalization of the Grosse-Wulkenhaar renormalization group might be the correct framework for a microscopic ab initio understanding of the fractional quantum Hall effect which is currently lacking.
• Charged Polymers in Magnetic Field
Just like the heat kernel governs random motion, the covariant Mahler kernel should govern random motion of charged particles in presence of a magnetic field. Ordinary polymers can be studied as random walk with a local self repelling or self avoiding interaction. They can be treated by QFT techniques using the N = 0 component limit or the supersymmetry trick to erase the unwanted vacuum graphs. Many results, such as various exact critical exponents in two dimensions, approximate ones in three dimensions, and infrared asymptotic freedom in four dimensions have been computed for self-avoiding polymers through renormalization group techniques. In the same way we expect that charged polymers under magnetic field might be studied through the new non commutative vulcanized RG. The relevant interactions again should be of the Moyal rather than of the local type, and there is no reason that the replica trick could not be extended in this context. Ordinary observables such as N point functions would be only translation covariant, but translation invariant physical observables such as density-density correlations should be recovered out of gauge invariant observables. In this way it might be possible to deduce new scaling properties of these systems and their exact critical exponents through the generalizations of the techniques used in the ordinary commutative case [62] .
More generally we hope that the conformal invariant two dimensional theories, the RG flows between them and the c theorem of Zamolodchikov [63] might have appropriate magnetic generalizations involving vulcanized flows and Moyal interactions.
• Quark Confinement
Quark confinement corresponds to a strong coupling non-perturbative regime of non-Abelian gauge theory on ordinary commutative space. In [15] a mapping is proposed between ordinary and non-commutative gauge fields which do not preserve the gauge groups but preserve the gauge equivalent classes. The effective physics of confinement should be governed by a non-local interaction, as is the case in effective strings or bags models. In the initial matrix model approach of 'tHooft [64] to this problem, the planar graphs dominate because a gauge group SU (N ) with N large. But the planar limit emerges more naturally out of NCQFT since it is then a renormalization group effect. The large N matrix limit in NCQFT's parallels the large N vector limit which allows to understand the formation of Cooper pairs in supraconductivity [65] . In that case N is not arbitrary but is roughly the number of effective quasi particles or sectors around the extended Fermi surface singularity at the superconducting transition temperature. We called this phenomenon a dynamical large N vector limit. RNCQFT's provides us with the first clear example of a dynamical large N matrix limit. We hope therefore that it should be ultimately useful to understand bound states in ordinary commutative non-Abelian gauge theories, hence quark confinement.
• Quantum Gravity
Although ordinary renormalizable QFT's now seem to have renormalizable analogs on the Moyal space, there is no renormalizable commutative field theory for spin 2 particles, so that the RNCQFT alone should not allow quantization of gravity. However quantum gravity might enter the picture at a later and more advanced stage. The two current main tentatives to quantize gravity are string theory and loop gravity 3 . We remarked already that NCQFT appears as some effective version of string theory. But ribbon graphs have borders hence corresponds to open strings world sheets, whenever gravity occurs in the closed strings sector. Therefore it may have to do with doubling the ribbons of some NCQFT in an appropriate way. Because there is no reason not to quantize the antisymmetric tensor B which defines the non commutative geometry as well as the symmetric one g which defines the metric, we should clearly no longer limit ourselves to Moyal spaces. A first step towards a non-commutative approach to quantum gravity might be to search for the proper analog of vulcanization in more general non-commutative geometries such as solvable symmetric spaces [67] .
The loop gravity approach is based on a background invariant formulation in which a huge symmetry group, those of diffeomorphisms is quotiented out. It seems at first sight farther from NCQFT. But some contact may appear when we better understand the role of new symmetries in RNCQFT, such as the LS duality.
However we have to admit that any theory of quantum gravity will probably remain highly conjectural for many decades or even centuries.
How to recover the ordinary world?
If at some energy scale in the terra incognita that lies between the Tev and the Planck scale noncommutativity escapes some internal space of the ConnesChamseddine type and invades ordinary space-time itself, it might manifest itself first in the form of a tiny non-zero commutator between pairs of space time variables. From that scale up, we should use the non-commutative scale decomposition and the non-commutative renormalization group rather than the ordinary one. Although we don't know yet how to build renormalizable non-commutative gauge theories, we may hope that the flow corresponding to QED (which like φ 4 4 suffered from the Landau ghost in the ordinary commutative world) should become milder and may grind to a halt in the non-commutative world.
Noncommutative models with harmonic potential and non zero θ break both Lorentz and translation invariance. If renormalizable noncommutative gauge theories are built out of some Dirac analog of the Grosse-Wulkenhaar propagator with harmonic potential, as is envisioned in [46] , they will also break translation invariance. Hence if such models have anything to do with physics beyond the standard model, one should explain how they can connect to our ordinary Lorentz and translation invariant commutative world.
My initial impression was that perhaps only models of the covariant type can make a connection to such ordinary physics, because such covariant models do not really break translation invariance for gauge invariant physical quantities [1] .
But covariant models are much more singular, and in particular they do not seem to have Ω = 1 fixed points of the asymptotically safe type. Therefore I would like to propose an other possible scenario, which will be developed in a future joint publication with R. Gurau and A. Tanasa [68] .
In this scenario ordinary fields at lower energies do not emerge from a single confined model of the GW type but from the zero modes of a whole bunch of such models, which should be glued together in a coherent way. We know that although a lattice breaks rotation invariance, the long distance effective theory can be rotation-invariant. Furthermore the Laplacian can emerge naturally for instance from standard nearest-neighbor ferromagnetic coupling, but also from other generic types of short range couplings.
We therefore consider a regular (or eventually random) four dimensional lattice Λ. To each lattice site or cell would be associated a different copy of the GW model and these copies would be independent of each other except for their zero modes or perhaps for a few low values of the modes in the matrix base. Each GW model would have its own confining harmonic potential roughly centered around the center of the cell. Each would exhibit a fixed point in the ultraviolet regime. In the infrared regime the zero modes of these GW models would form the degrees of freedom of the ordinary commutative field theories of our world and govern long range physics.
Such a model at first sight resembles a field theory with a naive lattice cutoff. It has a particular scale Λ θ (which may or may not be the Planck scale) essentially given by the θ parameter which would give the area or 4d volume of the elementary lattice cells. But it has several advantages over a naive cutoff.
• There would be no true cutoff in energy. Physics would not stop at scale Λ θ . As one climbs in energy in our commutative world, for instance using more and more powerful colliders, I do not see how to avoid focusing on tinier and tinier regions of space-time. From scale Λ θ on, one would enter into a particular "GW worldlet" corresponding to the inside of a given cell. This "worldlet" can have no ultraviolet cutoff and remain mathematically consistent up to infinite energy.
• The bare coupling for the commutative world, hence at scale Λ θ is also the renormalized coupling for the GW worldlets. It would be the interaction corresponding to the GW zero mode, hence form our world lower scales it would appear local. It corresponds to the renormalizable interactions of ordinary field theory, since they appear to correspond also to the renormalizable ones for the GW worldlets.
